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1 Abstract

A generalization is made for systems found to exhibit (discrete) time translation symmetry breaking (TTSB).
Namely a finite spin-1/2 chain under a Floquet many body localized (MBL) Hamiltonian proposed by Else, Bauer,
and Nayak (EBN) is generalized to accommodate arbitrary spin of the chain’s constituents (globally), allowing for
expectation values which oscillate at any integral division of the intrinsic frequency of the periodic Hamiltonian.
Akin to the EBN model, a non-measure-zero phase is observed over which TTSB is protected for times exponentially
long in the inverse of the perturbation magnitude from an analytically soluble model; this reflects the MBL
characteristics of the system: a characteristic which does not severely attenuate or change character with increasing
spin. Additionally, a computational method proposed by Vidal is presented and implemented, specialized to the
system at hand, and confirms the MBL hypothesis above: namely, that correlation (& entanglement entropy)
remain low through the spin-chain’s time evolution, allowing for exponential speed-up in its simulation on a classical
computer. Simulation complexity as it relates to the physical aspects of the system is discussed, suggesting and
allowing quantification of ’area-laws’ in an arbitrary-spin finite Ising type chain.

2 Introduction

What follows will introduce the main subfields which
came to manifest the generalization presented later. It
will introduce the underpinnings of each topic and its
prominent results and researchers, but is not intended
to be exhaustive. Relevant mathematics will be pre-
sented in sec. 3, and coupled back to these subfields
to allow understanding of the paper’s main results
with only a rudimentary background in the quantum
treatment of spin, as well as quantum ensembles.

Later sections, including analytic derivations, con-
jectures, and computational results, will back reference
the introduction as well as refer to papers in which
more detailed but less revealing mathematics or algo-
rithmics can be found. The paper ends with a series of
ideas for improvement and confirmation of conjecture.

2.1 Finite spin chains

Most matter of interest does not consist of a set of
particles whose interaction is taken to be vanishingly
small. Indeed, most interesting, solid matter exhibits
novel properties precisely because of these interactions!

Often with atomic systems, the overall spin (usually
dictated by some unpaired electron) of each atom is
the dominant spin, and so, for crystalline solids, the
model of a set of spins on a lattice, each coupled to
those nearby through some natural,1 SU(2)-invariant
coupling term, is a good candidate for probing, at
simplest analysis, the low order properties of certain
homogeneous crystals.

Of course we have the freedom to choose these
spin lattices to be finite or infinite,2 as well as of any
dimension, if the lattice we choose is sufficiently reg-
ular. The one-dimensional spin chain is of particular
interest because, in the most basic case of constant
total spin constituents, its analytic solution, proposed
by Bethe, [1] is well studied. This is not to say that
the one-dimensional spin chain demonstrates the full
richness of spin lattice systems,3 only that its proper-
ties are well understood, and so its structure can be

1That is, usually first order in each spin, and analogous to
classical, empirically determined dipole coupling.

2of arbitrary size, or with periodic boundary conditions
3In fact, we cannot observe phase transitions in these systems:

the san graal of solid state.
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manipulated with confidence. This is the source of
EBN’s [2] proposal.

2.2 Symmetry breaking & ergodicity

Symmetry is the fetish of the physicist—it is that which
speaks seemingly between systems rather than between
those who study them. Symmetry introduces redun-
dancy and degeneracy: it is in short a list of manipula-
tions that do not change the system. If the governing
object of a system (i.e. its Hamiltonian) obeys certain
symmetries, it is useful to determine if the observables
in this system, as might be assumed, also obey these
symmetries: whether expectation values or the state
itself are invariant under actions which would otherwise
fix the Hamiltonian. It is surprising (at least a priori)
that such forms of symmetry breaking—transgression
against this principle—would exist, but indeed they
do, almost always due to the intervention of thermo-
dynamic principles. [2] Some of these will be reviewed
now thematically, and then again concretely in sec. 3.

In quantum ensembles, the notion of thermal equi-
librium makes sense. Akin to the classical case, ther-
modynamic limits can be queried. When the system
can exchange energy among its constituents, or with
some external bath, these questions become very com-
plicated. One would like it to be such that a system
does not tend towards infinite temperature, nor do
its properties continue to oscillate at large times with
respect to time.4 There is a set of conjectures known
as the Eigenstate Thermalization Hypothesis (ETH)
which state [6, 7, 8] that, for most coupled systems, the
initial state tends to rather quickly explore all measure
of phase space allotted to it—these systems are ergodic.
[2] This is no good for the system, given that driving
such a system may continuously dump energy into it,
eventually causing it to fail to vary in time as discussed
above—this is why many body localized systems (MBL)
are turned to, ignoring most of their wealth of inter-
esting properties. [7] The algorithms used in sec. 5
typically apply only to ground (or some low energy)
states, [3, 4, 5, 10] but MBL will, by merit of thwarting
ergodicity, allow almost all states to appear as ground
states, and thus reap the benefits thereof.

4Unless, of course, this is precisely the behavior that is wanted,
but even then care should be taken when a system is driven to
induce such oscillation.

2.3 Classical simulation of quantum sys-
tems & multipartite correlation

To simulate classically is to simulate with determinis-
tic objects, and to represent intrinsically probabilistic
objects via deterministic objects takes time and space.
Näıvely, quantum spin systems usually capitulate to
the time-tested tools of representation theory, whereby
large matrices drawn from some continuous group can
be taken to biject to some natural set of actions on a
given Hilbert space representing the possible states of
the system. All of this means that, if the representation
is not clever, but rather general and applied without
any knowledge of the system (whether it is simple or
not), simulation can become expensive. Exponentially
expensive, in fact, with respect to particle number,
Hilbert space dimension, or total spin. [2, 6, 9]

So the question—the big question that in essence
this paper concerns itself with—is what precisely is
meant when a system is said to be simple. Under what
circumstances can the general exponential growth in
memory and simulation time be nixed? While the
precise mathematics of this question belong to sec.
3, there are two preliminary fronts: how correlation
is defined, and how this correlation responds to the
defining characteristics of spin systems. To address the
first question, correlation can be defined discretely, or
with various global metrics. For example, the general
sum of two point correlation functions on a given spin
lattice could be expressed as∑

i∈I,j∈J
〈fifj〉 (1)

where f is some operator which can act on any site,
and I and J are sub-lattices. The key idea is that this
says how, pointwise, elements of the system are related
to one another. Eisert et al. describes [6] that, in a
gapped system, examining ground states, these two
point correlations decay exponentially, a fact repeated
by EBN. Such behavior implies an area law, mean-
ing that quantum correlation (specifically entropy) has
bounded growth in the system over time, by some ex-
pression involving the size of a sub-system’s boundary.
This shouldn’t be taken as the whole story though, as
discussion of critical systems (whose correlation grows
much more rapidly) is not wholly governed by two
point correlation functions.

Finally, a secondary question of this paper is, given
a scheme which effectively kills exponentially depen-
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dent memory and simulation time complexity, what are
further, non-analytic means to reduce computational
resource use? That is, is there software optimization
complementary to the aforementioned analytic opti-
mization? The paper proposes that this question can
be answered in the affirmative, that the speedup is
substantial, and that its comprising methods can be
applied generally.

3 Relevant Theory

3.1 Finite spin chains

As mentioned in sec. 2, the systems of interest comprise
a finite set of particles with simple5 nearest neighbor
interactions. These interactions may vary in strength,
as may the applied transverse fields to each individual
particle. This is in essence the simplest model of a
set of interacting particles given (1) communication
of information about one part of the system must be
transmitted ‘locally’ (i.e. particle to particle, down
the chain) and (2) there is not much degeneracy over
which path this information is allowed to take (i.e. the
chain has trivial topology). While the ramifications
of these restrictions are deep, they suggest that, if
coupling between neighbors is weak, coupling between
disparate particles will also be weak, for long times,
under normal6 conditions.

Figure 1: Each spin (total spin constant for each con-
stituent of the chain) is coupled to its nearest neighbor
in a finite chain, which is one dimensional and of vari-
able length. Coupling is taken to be linear in the
spin of each constituent particle, as per the Heisen-
berg model. The chain may possibly be immersed in
external electromagnetic fields.

All of this can be compactly represented by a
prototypical Hamiltonian toy-model [2], from which
can be read out the mutable parameters to get a sense

5Think linear in the spin of constituent particles
6This language is vague, but clarification will need to wait

until sec. 6.

for the structure of the thing, namely

HMBL =
N∑
i=1

Ji σ
z
i · σzi+1 + hzi σ

z
i + hxi σ

x
i (2)

although of course this does not tell the whole story.
This Hamiltonian is time independent and thus pos-
sesses no intrinsic period with which to refer to when
discussing TTSB, comprising, as it does, only the no-
tion of particle-particle interaction7 and constant-in-
time transverse fields. So the system can of course also
be pulsed periodically8 and, if this pulse is judiciously
selected, the analytic work is not so bad. Specifically,
EBN references the notion of a spin flip which, in a
spin-1/2 system, given a specified axis, rotates spins
π around this axis (i.e. to the orthogonal state given
an individual spin). This is a nice action, possesses
Z2 symmetry, and enjoys a nice representation and
accompanying Hamiltonian. The associated unitary
operator9 for rotation about the x-axis is expressed

UFLIP =
N∏
i=1

iσxi (3)

and a little bit of searching yields a simple transforma-
tion as an exponential of some linear combination of
pauli-matrices, that is

UFLIP = exp(i
π

2

∑
i

σxi ) (4)

suggesting a convenient but physically meaningless
period of application of π/2. In theory, this is all
there is to it, with the dynamics of the system entirely
contained within the interspersed application of the
free evolution generated by eq. 2 and the unitary of
eq. 3. This process is carried out for hxi = 0 by EBN,
whereby the Floquet eigenstates10 come out of some
simple linear algebra or educated guessing.

7Noting that these are always linear in the spin of each particle
along a specified axis, the reasons for which will be discussed at
length later.

8This is all that Floquet means, really: the study of periodic
Hamiltonians, and this is as far as this paper will go in discussing
Floquet theory.

9Affectionately referred to as UFLIP
10Time dependent eigenstates which do not refer directly to

an energy, but rather some complex, time-dependent ‘quasi-
energy’ of the Floquet, not the Hamiltonian, whose corresponding
eigenstate therefore transforms simply under the Floquet operator
(i.e. periodic system unitary).
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This is however not the topic of discussion of this
paper. Rather, generalizing EBN’s approach to a chain
consisting of particles of arbitrary spin, and using tech-
niques to simulate this system classically, the paper
investigates an important set of questions11 involving
finite spin chains: (1) how does the stability of TTSB
change when generalizing to high spin systems,12 (2)
how does correlation13 evolve in systems with high
spin over time, and what does it mean for inter-particle
actions to be sufficiently weak, and (3) when spin in-
crease introduces certain freedoms in how to generalize
the EBN model, what do these generalizations imply,
and is there some set of choices more judicious than
another.

However, the details of this generalization are
saved for sec. 4, for which are needed a few more no-
tions as to what precisely is meant by TTSB, and how
its presence and properties are analytically determined.

3.2 Symmetry breaking and ergodicity

EBN, acknowledging that, in thermal equilibrium, a
system can not exhibit time dependent expectation
values given that the thermal density operator trivially
commutes with the system Hamiltonian, goes out of its
way to define a restricted set of criteria for TTSB. One
of these is straightforward,14 while the other equivalent
statement suffices for easier proof of TTSB stability
later on. They are as follows, and will be referred to
throughout the paper.

• TTSB-1 : TTSB occurs if for each t1, and
for every state |ψ(t1)〉 with short-range corre-
lations, there exists an operator Φ such that
〈ψ(t1 + T )|Φ|ψ(t1 + T )〉 6= 〈ψ(t1)|Φ|ψ(t1)〉, where
|ψ(t1 + T )〉 is the result of applying the system
unitary for a time T to the initial state at time t1.

• TTSB-2 : TTSB occurs if the eigenstates of the
Floquet operator Uf = U(T, 0), as mentioned
above, cannot be short-range correlated.

Where short-range correlation is taken (with respect
to a given state) to mean that any local operator Φ(x)
allows cluster decomposition, that is, as the points of
measurement grow farther apart with respect to some

11See sec. 6.3 for their answers.
12See sec. 3.2
13See sec. 3.3
14The restriction lies in the fact that it is only satisfied for

some set of non-equilibrium systems.

metric, the expectation value of the product of the
operators goes to the product of the expectation values
of each operator. The first statement is exactly what
would be expected, that certain expectation values
are not periodic with respect to the intrinsic Floquet
period. The second statement, the proof of which can
be found in EBN’s paper,15 seems to make a connection
between the Floquet operator’s intrinsic correlation and
the stability of TTSB. In essence this statement gets
at the notion of ergodicity: i.e. whether a given state
will, after a long time, come to traverse all state space
permitted to it. This question is also intimately related
to the conditions discussed in sec. 2.2, meaning that
the stability of TTSB, and the ease of simulation, are
effectively co-varying concepts.

3.3 Classical simulation of quantum sys-
tems and correlation

The question remains how finite spin chains, and specif-
ically symmetry breaking in finite spin chains, can be
investigated when the regions of interest (large particle
number, large times) are not experimentally feasible,
nor computationally inexpensive to simulate. The key
realization is that the culturally pervasive idea (that
quantum systems require time and memory exponen-
tial in system size and dimension) is a generalized one,
or an upper bound, for all manner of exotic and very
probably physically improbable systems. That is, given
our interest, and this is the core tenet of spontaneous
symmetry breaking, in physical states (i.e. those which
are thermodynamically favorable) most of these com-
putational bounds are gross overestimates.

This bound comes straight from representation
theory—the idea that a given state or operator can
biject to and live comfortably in some general linear
group over the complex numbers with a given, fixed
dimension. The members of this group have straight-
forward instantiations as matrices, and these matrices
bring about storage requirements and operation time
complexities that are well known and do indeed grow
exponentially with particle number.

But of course the system is physical: certain re-
gions of the general linear group are not necessarily
accessed easily, even over large times,16 especially if
the system Hamiltonian is many body localized. If

15Admittedly the proof is sometimes vague, but sound enough,
and buttressed by computational results

16The group action is not transitive, etc.
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absolute veracity is sacrificed, certain portions of this
general representation should be able to be truncated
(i.e. ignored). [3, 4, 5, 10] All of the techniques of linear
algebra are open and, given conditions discussed in sec.
3.1, there is no reason to believe that the system of
interest does not yield a sparse matrix representation,
even at long times. The mathematics of doing this are
presented in sec. 5.1.

What remains is to discuss what is meant by cor-
relation17 (given that the techniques discussed in sec.
5 will hold only when correlation is low), and what is
meant by area laws (which give upper bounds on this
correlation given a system’s topology).

Correlation can either exist in the pointwise sense,
as described in sec. 2.2, or in the aforementioned more
global sense, which relies on the standard Von Neu-
mann form or −Tr(ρ log ρ) which, in special cases, does
sometimes correspond to an average of the pointwise
correlations. Area laws, as they have been referred to,
mean nothing more than, as Eisert et al. discuss in [6]

SρI ∼ O(|∂I|) (5)

meaning that the entropy (Von Neumann) of a particu-
lar subsystem indexed by a certain sub-lattice I scales
on the order of the boundary of I. If I is a chain, as in
all systems in this paper, this means that the entropy,
and thus usually18 the two point correlators as well,
are bounded above by a constant. Such bounding can
even occur in special critical systems, bounded by the
logarithm.

4 Analytic Generalization

The spin-1/2 case is covered in depth by EBN, although
a few aspects of the solution are worth mentioning. The
immediate observation is of course that in the spin-1/2
case all states are characterized (up to overall phase) by
two U(1) parameters. There is limited freedom for how
states transform under the flipping operator. Given
the Floquet operator

Uf = exp(−it0HMBL)exp(i
π

2

∑
i

σxi ) (6)

17There are, unfortunately, a few different properties that share
this name, some of which are stronger conditions than others,
which will be discussed.

18This is really the big question, and cannot be answered
succinctly: when do two point correlators and true entanglement
entropy measures coincide, or at least co-vary.

where t0 is chosen arbitrary but constant, and where
the hx terms are set to zero in the Hamiltonian given
by eq. 2, the eigenstates of the leftmost component of
the unitary (i.e. just the product states of eigenstates
of the individual σzi ) are easily calculated. Because
these are precisely the states which the flipping op-
erator privileges, their symmetric and antisymmetric
combinations give EBN the eigenstates desired. That
is, the eigenstates in question

|±〉 =
1√
2

(exp(it0E
−({si})/2) |{si}〉

± exp(−it0E−({si})/2)) |{−si}〉
(7)

where E−({si}) is taken to be the energy of the local
terms19 in the MBL Hamiltonian according to a given
spin eigenstate of the free Hamiltonian evolution pa-
rameterized by {si} → |s0 s1 · · · sn〉 where each spin is
either up or down, and {−si} indicates that each spin
has been taken to its reverse orientation with respect
to the z-axis (spin flip has occurred). Without loss of
generality, one of the spins can be taken to be either
up or down always, for all eigenstates, removing the
inherent degeneracy of eigenstates which differ by a
phase, giving 2n distinct eigenstates, as predicted.20

So the system has a solution, and it’s not such a
difficult one. Indeed, they key effect of TTSB can be
easily verified by looking at the expectation value of
spin along the z-direction, exploiting its commutation
relation with σx, and simplifying to

〈ψ|σzi |ψ〉t = (−1)T 〈ψ0|σzi |ψ0〉 (8)

where T will be taken as the number of times the Flo-
quet operator has been applied, and the time-constant
term on the right hand side represents the initial ex-
pectation value of the z-component of spin. This stro-
boscopic evolution21 is a handy thing to calculate, and

19That is, the energy due just to coupling between two spins, in
this case the Ising terms, with their accompanying set coefficients.

20It is assumed all systems are gapped with no degeneracy in
the groundstate, although this requires a bit more work to say
with courage.

21During the application it is difficult to say a priori what
happens, although in this case, given that all pure spin states
are eigenstates, and the system remains pure with no transverse
field components, the expectation value is constant between spin
flips. The question of the transverse spin’s expectation value is a
more difficult problem but, at its worst is just a superposition of
simple sinusoids with periods possibly an integral multiple of the
driving period. For the specifics of this, please see the author’s
research partner’s report: the calculation is tangential to the
purposes of this paper.
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shows what was already expected, namely that certain
expectation values exhibit a period twice that of the
system driving. While this does not seem extremely
strange, study of its stability is a more interesting
matter, especially under transverse field perturbations,
which are discussed in sec. 4.3.

Before discussions of these impurities however, it is
maybe more beneficial to move directly to generalizing
the EBN system. The response of the spin-1/2 system
to transverse fields is rich enough to warrant another
paper or two yet, and so it is best to keep the blinders
on a little. There are two things to keep in mind while
generalizing: (1) most of the interesting TTSB effects
come from the fact that the unitary operators form
a nice cyclic group with one-another, fundamentally
based on the notion that a set of basis states is cycled
among itself and that this faithful, transitive action
thus leaves no eigenstate untouched, forbidding the
decay of oscillations, even at long times, and (2) when
multiple routes for generalization are open, one should
keep to the spirit of the action, rather than its direct
form, e.g. the pellucid beauty of the pauli-matrices is
going to have to go. With all of this in mind, results
such as the stroboscopic evolution derived above can
serve as indicators of the generalization’s first order
success.

4.1 Spin one

For the spin-1 case it is enough to independently gener-
alize each constituent operator or unitary in the spin-
1/2 case, given that the algebras involved are simple.
This includes choice of operator for total z-spin, with
spectrum proportional to {−1, 0, 1}, and a choice of
operator which permutes the three distinct basis states
defined by the aforementioned total spin operator. As
it stands, this model makes the consistent choice of
|0〉 → |−1〉 → |1〉 and so forth in a three-cycle.22 This
wraps up neatly, giving in theory all that is needed
through

Sz =

0 0 0

0 1 0

0 0 −1

 UFLIP =

0 1 0

0 0 1

1 0 0

 (9)

but, of course, the whole story has changed here.
Whereas before the Z2 symmetry of the thing made it

22This is called spin permutation or spin flip, and will be
through the rest of the paper.

such that any quadratic term in the algebra effectively
vanished, such tricks do not work in with three-cycles.
Namely, that the spin-coupling term of the Ising model
would not remain invariant under spin permutation,
crucial in the simplicity of the eigenstates in eq. 7. The
remedy to this, while seemingly contrived, not only
recovers the original intent easily enough, but furnishes
the mechanics for all higher spin systems.

Namely, the existence of an (algebraic) zero energy
in the spectrum of interest means that these energy
values cannot function, under any scaling, as group with
the required cyclic structure.23 With a little thought,
a proper, non-Hermitian matrix, Σz, comes out, with
pretty clear intent

Σz =

1 0 0

0 ω 0

0 0 ω2

 (10)

where ω is a non-trivial third-root of unity (taken here
to be exp(i 2π/3)). Multiplying this matrix by another
third-root of unity does indeed cycle the elements, and
the converse holds as well, meaning compatibility with
the other operators defined above. A problem of course
exists in its non-Hermiticity, but this is simply because
no set observable has been chosen yet; the matrix will
never appear in its bare form as an operator. For
example, the total spin operator can be recovered by
Hermitizing Σz, namely24

Szk = i(Σz
k − Σz†

k ) (11)

which, given expectation values that are linear in this
operator, means that calculations with Σz can be done
with impunity until the last step, in which its complex
expectation values are symmetrized and made physical.
In essence now all components of the Floquet unitary
have been constructed, consisting of repeated alternat-
ing applications of UFLIP and the free evolution given
by the Hamiltonian

HMBL =
N∑
i=1

Ji

(
Σz
i · Σ

z†
i+1 + Σz†

i · Σ
z
i+1

)
+ hzi S

z
i + hxi S

x
i

(12)

where we have replaced the total spin-z operator for the
transverse fields with the natural spin-1 generalization,

23In fact, the only reason the spin-1/2 case did not need the
same treatment was due to the happy coincidence that the 2-roots
of unity are both real.

24And this is just equivalent to taking twice the complex part
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and the coupling term has been substituted with a
symmetrized product of the more pleasant to work
with Σz’s. As it turns out, this complicated term does
not to first order change the eigenstates analagous to
those found in eq. 7. Similar analytic eigenstates can
indeed be found, where in this case each state is an
equal-weight25 superposition of the three basis states.

|j〉 =
1√
3

(
ωjkexp(it0E

k({ski })
)
|{ski }〉 (13)

where Einstein summation is invoked for the repeated
index k and where {ski } means all the spins (indexed
by i) which have had the spin flip operator applied
to each of them k times (where j, k ∈ {0, 1, 2}); Ek is
a special quantity such that it plus the energy (after
spin flip) of the ket to which it corresponds (before
the spin flip) is the energy of the ket (after the spin
flip) plus some mutual eigenvalue for the entire ket.26

When we take the system with no transverse fields, this
yields remarkably similar oscillation to that of eq. 8
with respect to the privileged Σz operator. That is

〈Σz
k〉t = ω−T 〈φ0|Σz

k|φ0〉 (14)

which clearly has the proper frequency reduction with
respect to the driving frequency of the Floquet. To
see how this translates to the expectation value of the
physical spin-z operator, the symmetrization performed
in eq. 11 is performed and the linear properties of
expectation values exploited. With judicious choice
of initial conditions, this easily gives three distinct,
definite values for spin-z through three applications of
the Floquet operator.

This marks the end of the initial search into higher
spin generalization. However, as has been mentioned,
numerical solutions for high-spin or high particle sys-
tems (both of them limits of high interest) are compu-
tationally extremely expensive. Additionally, nothing
has yet been stated as to the MBL-induced stability of
this oscillation, and whether it differs appreciably from
what was observed by EBN in the spin-1/2 case. These
questions are however better attacked for general spin
(sec. 4.2) and in computational models (sec. 5).

25By this is it meant magnitude 1/
√

3 for each of the coordi-
nates, offset from each other by the phase 2π/3

26This is more easily expressed as an algebraic relationship,
which can always be solved. In the spin-1/2 case, this energy is
trivial.
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Figure 2: Plot of spin-1 system (10 spins) under Flo-
quet driving with no transverse fields. Blue shows
the expectation value for the average spin along the z
axis, while red gives that for the x axis. The Floquet
operator has period 2, with the spin flip taken as instan-
taneous. The initial state is taken as a product state of
identical spin orientations which do not coincide with
the z axis.

4.2 General spin

The general spin case does not look so different from the
spin-1 case, save the loss of a few additional niceties.
The higher spin-z operators no longer permit such
a nice relation with the diagonal root of unity Σz

matrices, and thus physical expectation values need to
be built with care, possibly from a power series of these
pleasant, although contrived Σz matrices, the specifics
of which are derived in the appendix.

With precisely analagous mathematics,27 the cal-
culation for the expectation value of the Σz operator
(this time a diagonal matrix with the n-th roots28 of
unity) is given by

〈Σz
k〉t = ξ−T 〈φ0|Σz

k|φ0〉 (15)

which implies, if it can be done, that the expectation
value of the total spin projected along the z-axis is
expressible as the decomposition of this operator into a
finite power series in Σz as mentioned. This decompo-
sition is indeed possible, if not extremely elegantly, due

27Note that nowhere save in the generation of the Hamiltonian
for the flipping unity (which is already known) is the Pauli algebra
referenced.

28Where the generating root is referred to as ξ.
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to the properties of non-trivial roots of unity. That is,
the set comprising the multiplicative group generated
by any non-trivial root of unity has a sum of zero. Mul-
tiplying a given Σz by a power of ξ effectively permutes
the location of 1 on the diagonal which allows, if an
averaged sum of powers of the permuted (i.e. ξaΣz) is
taken, the resultant operator has only a 1 in the afore-
mentioned diagonal spot. Analagously, all diagonal
matrices with spectrum {1, 0, · · · , 0} can be generated,
a set which in its span contains Sz.

29

The specifics of this is such that, for the spin
operator as it has been defined, the expectation value
can be calculated with reference to a set of at most d
initial expectation values, where d is the dimension of
the system. The result of this is

〈Szk〉 =
1

d

d∑
γ,α=1

(S + 1− γ)ξ−α(γ−1+T ) 〈(Σz
k)
α〉 (16)

which, while not immediately illuminating, does con-
firm the idea that symmetry breaking does indeed
occur in soluble high-spin systems, with each term os-
cillating at a set frequency which is an integral division
(namely the number of basis states) of the Floquet driv-
ing frequency. With judicious choice of initial state,
this stroboscopic evolution can be tuned to oscillate
between any reasonably bounded set of constant total
spin-z values.

4.3 With perturbations

For any of these systems, perturbations in the form
of transverse time-constant fields can be introduced,
disrupting the clean structure expressed in the ana-
lytic work above. The question of course becomes how
stable this TTSB behavior is, and, in the absence of
computationally cheap, general solutions, how to get a
feel for how these systems act.

Almost always the effect of the perturbations are
analyzed in the disorder average, meaning that the
defining coefficients (e.g. Ji, h

z
i , h

x
i in eq. 2) are taken

from some distribution, usually a uniform distribution
between zero and some O(1) number, specified where
relevant. These coefficients are kept constant through
each simulation, and the results of many simulations
are averaged pointwise (usually plots of operator ex-
pectation value with respect to time). The result of

29Normally, however, as in the spin-1 case, such trouble need
not be taken.

some small perturbation in a spin-1 system is seen in
fig. 3, where a few features are immediately evident.
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Figure 3: An analogous plot to that of fig. 2 (10 spins),
save with an introduced transverse field with hix varying
uniformly between 0 and 0.3, and an average being
taken over 100 disorder configurations. In this case,
a clear relaxation in expectation value for both the z
and x axes can be seen, although the TTSB behavior
remains, indicating a region of stability for moderately
long times for the phenomenon. This is continued in
sec. 6.3.

In general, the stroboscopic evolution no longer
contains all information about the spin-z expectation
value; that is, there are variation within each period,
representing slow precession induced by weak trans-
verse fields. As might be expected, in the disorder av-
erage, this precession destructively interfere with other
simulations’ slightly differeing precession, inducing a
sort of relaxation in expectation value over the course
of the evolution. This is for most intents and purposes
analogous to the system’s thermalization. This would
imply eventually vanishing TTSB. To be precise, in this
scenario however, the interest is not the impossibility of
thermalization, but just its prevention to exponentially
long times in the inverse of the perturbation.

The plot in fig. 3 was generated through the
method of exact diagonalization, i.e. naively, and there-
fore slowly, said simulation time growing exponentially
with respect to particle number. This is what limits the
time to which the system can be reasonably simulated,
and the problem the following computational methods
hope to address—precisely because the system does
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not appear to thermalize too quickly.

5 Computational Generalization

The question in the previous section is answered by
an appeal to clever computational techniques—while
exact solutions to differential equations cannot always
be determined, numerical analytic methods allow com-
puters to, with arbitrary precision given enough time
and memory, provide specific solutions corresponding
to a given initial condition. The problem of this section
is how to apply relatively well known, finite-difference
methods to a system which lives inside of a high-
dimensional representation such that the solutions are
not computationally infeasible. Exact diagonalization,
while honest, (1) is often redundant given that most
elements of the operators involved are close to zero, the
operators have a known trace, etc, and (2) does not
actually provide any new or interesting information in
return for the invested cost.

5.1 The TEBD algorithm

The algorithm presented,30 implemented, and discussed
is a variant of time evolving block decimation (TEBD),
which is itself based on White’s [10] paper on den-
sity matrix renormalization group (DMRG) techniques,
both exploiting the idea of matrix product states (MPS)
which allow, effectively, for the transition into a basis
whereby correlation becomes much simpler to realize,
and where operations which were once tricky become,
due to their locality, simple in MPS. It is not in the in-
terest of this paper to justify how DMRG is formulated,
but it will cover some of the more salient mathematical
objects.

In general, given two subsystems (subspaces) of
a physical system (Hilbert space), any state can be
expanded in terms of a sum of products of orthogonal
bases for each subsystem. This is nothing strange, but
allows for the decomposition to be viewed as a matrix
(possibly non-square), for example the matrix cij in

|Ψ〉 = cij |ΦA
i 〉 ⊗ |ΦB

j 〉 (17)

where A and B are disjoint sub-lattices of the spin
system, which means that all the tenets of linear algebra
apply, including singular value decomposition (SVD)
which effectively says, in the (right-handed) eigenbasis

30See Vidal’s papers [4, 5, 10]

of the operator, which coordinates are stretched by
how much.31 The point is that certain dimensions,
if they correspond to negligible singular values, are
effectively pointless in the representation (i.e. you could
effectively truncate the matrix past the row and column
corresponding to this singular value). The paper does
not deal with a bipartite system though, and so the
question becomes how could this method be extended
to multipartite systems. Given any set of multiple
divisions can be reproduced via a series of bifurcations,
an analogous decomposition is achieved, albeit with
interdependent coefficients. Written in full this is

|Ψ〉 = Γ[1]i1
α1

λ[1]α1
Γ[2]i2
α1α2

λ[2]α2
· · ·Γ[n]in

αn−1
|i1i2 · · · in〉

αi ∈ {1 · · ·χ}
(18)

which consists of Γ-terms and λ-terms, where the for-
mer can be thought of as a change of coordinates into
the standard basis used, and the latter as a repository
for the singular values found. The sum is indexed by
basis states for each site, between 1 and χ. This value
χ is vital, is known as the bond order, and is the largest
ordinal which exhibits a substantial non-zero singular
value in any system λ-term. The bond order is kept
constant through the simulation, as well as the cutoff
for singular value significance.

The reason this method is of such interest is that
there is good theoretical reason to believe that the
number of significant singular values (i.e. above a cer-
tain threshold) is low, if one begins in a ‘sufficiently’
pure state, meaning that there are not too many sig-
nificant singular values to begin with, and stays low
up to exponentially long times depending on system
size. The reasons for this are not simple, and in fact
better follow from the physical intuition than the math,
relating intimately to area laws, and how fast informa-
tion can spread through an effectively gridlocked chain
system. In essence the assumption that these λ-terms
decay exponentially with respect to some ordinal is one
about the connectivity of the Hilbert space, and that
the Hamiltonian’s off-diagonal elements are sufficiently
small.

In the MPS formalism, a couple of things become
very simple—from now on the basis states themselves
are ignored, and the paper deals directly with given
Γ-terms and λ-terms. Each of these terms now has
local significance, meaning that a local operator simply

31Note also that, for a product state, i.e. one which does not
exhibit any entanglement, there is only one term in this sum!
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mutates the Γ-term corresponding to that site and that
site only. This is fantastic news! the computation is
now nonspecific about in what order local operations
are performed in. A better question, and where the
bulk of computational time was previously spent, is
whether MPS also simplifies operations between, say,
nearest neighbors.

Vidal posits that for a term in the Hamiltonian
involving two nearest neighbor particles interacting,
only one λ-term (corresponding to the site) and two
Γ-terms (referring to each site) need be updated, which
is also fantastically local. While the method’s objects
and motivation are somewhat abstruse at first site (see
appendix for a small sample, or Vidal’s papers [3, 4, 5,
10]), its effective purpose is to take the subset of the
system in MPS which is being acted on by a constituent
piece of the Hamiltonian, evolve this piece, and then
reintegrate it into a new MPS representation, where the
eigenvalues of this subsystem correspond closely to the
singular values of the decomposition, given translating
into (i.e. projecting onto) the eigenbasis of the evolved
subsystem restores MPS.

The method reflects the locality of the operations,
while still allowing information to traverse the system,
bounded above by the number of significant singular
values chosen. As will be discussed in sec. 7, the down-
side to truncation is a possible loss of unitarity. As it
must be, if it were desired to ensure the preservation of
all information, the dimension of representation would
return to exponential in particle number.

Figure 4: A simplified model to picture TEBD: two
sites, possibly with some generic coupling between
them, are highlighted, and given a basis for their rep-
resentation. Auxiliary spins are given a communal
representation, of which only a small number of coeffi-
cients are relevant for the evolution of the subsystem,
playing off the relative locality of the chosen interac-
tion. In DMRG, this is used for generating the lattice
of interest, while in TEBD, the motivation is simply
organizing the representation of sparse matrices.

5.2 Algorithm implementation

The algorithm itself relies almost wholly on choice of
good data structures, and fast linear algebra. The code
for the paper was implemented in Python, in conjunc-
tion with the scientific computing library NumPy, as
well as other auxiliary packages for help with basic
linear algebra subroutines (BLAS) which allow certain
common tensor contractions to be completed with max-
imal efficiency using low level hard-ware specific tricks,
and data processing. The algorithm as presented in
this paper’s plots does not use parallel computation,
although the research partner of the author was able
to implement a limited version of this to be sent to a
larger computing cluster. The NumPy package also
permits a wonderful albeit non-optimized method for
tensor contraction called einsum, which follows the
maxims of Einstein notation, allowing statements to be
programmed directly as they would be written analyti-
cally, although, without care, this method can become
extremely inefficient, as all general methods can be.

6 Preliminary Results

6.1 Stability and accuracy

The big question once a simulation scheme has been
determined is how closely its results match with that
of the more costly, but more general scheme. This
can be done directly, and afterwards inferred from
less expensive measures than pointwise comparison.
The plots of this section follow the former method,
although following results and conjectures, derived from
measuring certain deviations from normalization in the
algorithm of sec. 5.1, use the latter.

For reasonable particle number (10-20), to rea-
sonable times (on the order of 100 Floquet cycles),
the agreement between methods is fantastic, and the
speedup in runtime is easily two orders of magnitude.
While this represents a precise and limited search space,
certain longer simulations have yielded similar agree-
ments as long as the total magnitude of the vector
whose components are the significant singular values
does not drop far below unity.32

At a certain point, if the λ-terms go far enough
away from normalization, the simulation begins to

32In fact, good results are seen even for values as low as
|λ| = 0.6, although, to be fair, this is a local measure of adherence,
and does not account for accumulated error.
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Figure 5: Plots with artificial offset detailing the same
parameters as in fig. 3, where blue (red) details TEBD
average z (x) spin, and the same for yellow and green,
save for the exact diagonalization method. As can be
seen, periodicity in both vanishes with perturbations,
and solutions can become quite erratic.

falter, namely that state vectors (density operators) will
begin to lose normalization (the proper trace) leading
to eventual divergence in some expectation value or, at
best, rapid decay to the zero state. Certain mitigating
measures can be taken, such as reducing the Trotter
step used in simulation, but the overarching limitation
is the number of singular values truncated, which is
not set to dynamically change during simulation.33

6.2 Runtime and efficiency

Various plots can be generated, keeping a set of pa-
rameters at constant, reasonable values and, assuming
that said variables are effectively independent of one
another with respect to effect on runtime, these plots
give a good sense for where speedup in computation is
taking place. More detailed information is given in the
captions of figs. 7, 8, 9

While these statements are not necessarily valid in
all regimes, especially at long times and high coupling
coefficient, three observations are readily apparent: (1)
simulation time grows linearly in N , the number of
particles in the finite spin chain, which is to be ex-
pected given that the TEBD algorithm outlined in sec.

33While this could be done, it involves tricky reallocations, and
would truly only allow for some sub-exponential speedup.
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Figure 6: Plots with no offset, detailing the same
parameters as in fig. 3, namely, the plots of fig. 5 (for
which this figure uses the same legend) overlaid at their
actual calculated values, to show agreement. Even at
very large times, and for high frequency oscillations,
like those of the x expectation values, the two plots
agree.

5.1 is iterative across each particle in the chain, (2)
simulation time grows sub-exponentially with respect
to the parameter χ, i.e. the number of significant sin-
gular values, which is to be expected given that the
TEBD algorithm runs explicitly in a low-degree poly-
nomial of χ. This, paired with the observation that
the necessary χ grows sub-exponentially with respect
to particle number, means that the algorithm never
runs in exponential time. And (3) due to overhead, the
exponential growth of the näıve algorithm using exact
diagonalization results in its runtime overtaking that
of the TEBD algorithm at around 10 spins.

Unfortunately, while the speedup is dramatic, and
in effect solves most all problems in simulating the
finite spin chain of this form, the overhead runtime was
still high, meaning that more insightful plots detailing
the dependency of necessary χ value on coupling coef-
ficients, were not able to be generated to good effect.
If the system size is too small, correlation depends
sensitively on coupling coefficients, transverse fields, as
well as initial conditions. For larger, more realistically
thermal systems, the requirement of increasing both χ
value and run-time made a useful plot prohibitive for
the time scale of this paper. It is conjectured, however,
that the required χ grows exponentially with respect to
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(roughly) the ratio between the transverse perturbation
and coupling coefficients.
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Figure 7: Time elapsed (units unimportant) for a given
system comprising an increasing number of spins, with
constituent spin and Floquet applications and bond
dimension χ kept constant. As the algorithm iterates
across each constituent particle, the simulation time
grows linearly. Note, however, that this does not in-
dicate the requirement of a larger system to have a
larger bond number to capture dynamics with constant
fidelity. Times are taken over an ensemble average.

6.3 Conjecture on simulation of higher
spin systems

Returning back to the three main questions about finite
spin chains presented in sec. 3.1, the results presented
point to a few conclusions, and even more conjectures.

(1) With regard to the question of how the charac-
ter of TTSB changes with respect to high-spin general-
ization, there are two major trends: the first is that in
general, for a higher spin system, smaller transverse-
field perturbations are required to upset TTSB, at
least with respect to absolute magnitude of the applied
field,34 assuming spin operators are normalized to the
same trace. However, this is contrasted by the observa-

34With respect to coupling strength, i.e. an overall scaling
factor.
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Figure 8: Time elapsed (units unimportant) on a loga-
rithmic scale with respect to increasing bond dimension
χ. While this is not representative of a necessary in-
crease given the amount of particles in the system, the
time elapsed is irrespective of the required χ, which
should grow logarithmically according to area laws.
The behavior here is sub-exponential in χ. Times are
taken over a ensemble average.

tion35 that, in general, the lifetime of higher-spin chains,
i.e., the time elapsed before expectation values go to
something aperiodic or constant, is correlated in a way
which current data do not make clear—that is, there
does not appear to be an appreciable change in lifetime
for higher spin, to the precision measured. While it
cannot be determined explicitly for all higher spins, the
lifetime does, with a constant constituent spin, grow
exponentially with particle number (confirmed by EBN
for spin-1/2, and this paper’s simulation algorithm for
spin-1), although this may drop to sub-exponential for
much higher spins, indicative of the growing TTSB
instability mentioned above.

(2) With regard to how correlation seems to evolve
in systems with high spin over time, this is primarily
inferred through apparent area laws: specifically how
the necessary value of χ to accurately (i.e. above some
threshold of fidelity) capture system dynamics grows
with particle number. The similar relative lifetimes
of the systems presented in the previous paragraph

35These simulations, run on a computing cluster belonging to
the institution of the research partner of the author, confirm the
results for spin-1/2 presented by EBN, and posit new trends for
spin-1
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Figure 9: A logarithmic plot of arbitrary but consistent
measurements of simulation time for systems of increas-
ing particle number, and large enough χ in the TEBD
method to accurately portray dynamics. Note that
around 10 spins, the TEBD method overtakes exact
diagonalization, indicating the expense of the overhead
used in Vidal’s algorithm. For even a modest amount
of particles, around 15, there is an improvement of two
orders of magnitude. Note that, with the exact diago-
nalization method, any Python library linear algebra
tricks are quickly exhausted for large matrices, and
growth becomes purely exponential.

imply that information in the system is effectively
lost to whatever bath it is coupled to at a rate which
is similar, in general, to that of lower spin systems.
It is not immediately clear why this should be the
case, given that the greater amount of disorder already
present in the high spin systems would appear näıvely
to be more sensitive to external fields. In any case,
however, simulating these systems will be bottlenecked
by expenditure of resources primarily due to dimension,
rather than second order effects on system life time
which appear, in this simple model, to depend on total
spin in a continuous, small way.

(3) With respect to how the generalization’s con-
crete representation is chosen, i.e., the concrete rep-
resentation of operators et al., which is at once a sec-
ondary choice, but also vital to any computation, the
main ambiguity lay not in choosing the total spin opera-
tor, or the flipping unitary, but rather the Hamiltonian
to induce flipping. It is not always clear if this can

be done in such a nice way as with the spin-1/2 case,
in which the Pauli algebra makes the problem almost
trivial, or in the spin-1 case, where Σz and UFLIP are es-
sentially the same operator in different bases, allowing
for an easy logarithm. While this flipping Hamiltonian
is not needed for calculation, its physicality is an im-
portant question which, in this paper, is left vague and
unspecified.

7 Optimization and Caveats

There are numerous paths for improvement in simula-
tion runtime, and thus fidelity. Python permits certain
methods to call their C equivalents, and can even in
some cases be compiled into C itself. Given that the
code is not complicated nor ambiguous, relying mostly
on careful tensor contraction, and having no real run-
time mutability, there is nothing forbidding such a
compiling, if not totally rewriting the algorithm (non-
ideal simply because of Python graphics and scientific
computing support packages, among other niceties).
Along with this, if lower level methods are used for
tensor contraction (given that, for a given simulation,
the iterator objects do not mutate), BLAS can be ap-
plied to most if not all operations. As it stands, the
majority of runtime is devoted to these large tensor
manipulations. Additionally, there are questions about
the method Python uses to compute eigenvectors and
eigenvalues,36 and the method used does not look into
this for possible use of sparse matrix techniques (as in
the Python package QuTiP).

In addition, given that local operations are done
irrespective of particle order, they can be done in par-
allel, as well as any other operations (basis projections
etc.) which do not rely on an ordering. Additionally,
given that often the only interest is in the stroboscopic
evolution of the system, larger units (i.e. integral pow-
ers of) of the periodic driving unitary (some multiple
of its fundamental period, possibly dependent on time)
can be used instead to investigate the behavior of the
system at large times. Depending on the regime of
interest (high spin, large time, high disorder, etc.) the
code can be pushed to better account for the require-
ments and possible exploitations. Reasonably, speedup
by an order of magnitude or so could be achieved.

Finally, there is the question: how is it known that

36Given that the simulation does not need singular values at
maximal precision.
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the results of a simulation37 are accurate, especially
at high spin or large times. While there is an internal
normalization measurement (how far, effectively, the
evolution is from being unitary), this is a local error,
and does not indicate the total disagreement from
expected behavior. While this is nor a problem for
directly post-evanescent analysis, it becomes a real
problem, as in the EBN paper, at times long enough
to discuss thermalization, to which their arguments
addressing the problem can be applied to this paper’s
concerns with equal promise and dubiousness. Further
work needs to be done to address and quantify the
integrated error.
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9 Appendix

9.1 Generation of arbitrary diagonal oper-
ator using Σz

The process is relatively simple, if not artful, for con-
structing the general diagonal operator using Σz, which,
for the spin-n case, has 2n + 1 diagonal entries, and
zeros elsewhere, where the diagonal entries are the
(2n+ 1)-th roots of unity. The diagonal entries can be
permuted by a global multiplication, e.g.1 0 0

0 ω 0

0 0 ω2

 −→

ω 0 0

0 ω2 0

0 0 1

 (19)

via multiplication by the non trivial third-root of unity
ω. Then, taking the sum of the powers of one of these
matrices, such that the matrix does not return to itself
(in other words, the sum of the group generated by
ωaΣz), and dividing through by the order of the group
(in this example, 3), gives a diagonal matrix with a 1
in the a-th position on the diagonal. In other words,
the set of generators

1

d

d−1∑
γ=0

ξa(Σz)γ (20)

which, although in some cases redundant, as many of
the terms will interfere with one another in any sum,
provide a straightforward way of deriving the result in
eq. 16. This is agnostic as to the order of the root.

14



9.2 TEBD code reference

There are a number of objects from Vidal’s papers
[3, 4] on computational theory which benefit from pre-
sentation not afforded to the main body of the text.

The first topic to understand is the mode by which
Vidal divides the Hilbert space of interest, dividing,
as per the MPS formalism, into four subspaces, two
auxiliary boundary subspaces, and two corresponding
to the (possibly) coupled sites of interest.

H = J ⊗HC ⊗HD ⊗K (21)

Each of these is of course given a basis—either the local
basis as normally prescribed to spin (|i〉 , |j〉), or a basis
whose representation is like a standard spin basis, but
whose meaning is to typify the vectors coming from
the Schmidt decomposition on either side of the two
sites of interest (|α〉 , |γ〉).

|α〉 ≡ λ[l−1]α |Φ[l···(l−1)]
α 〉 |i〉

|j〉 |γ〉 ≡ λ[l+1]
γ |Φ[l+2···n]

γ 〉
(22)

This is all well and good, but the question posed by
Vidal is whether or not this simplifies anything—i.e. is
there some intuitive way by which operators (pieces of
the total Hamiltonian) alter MPS. Vidal affirms this
is the case—that a local operation acts locally on the
MPS. That is, the goal is to find the evolved state
|Ψ′〉, for which we have the basis described above. This
evolved state, namely

|Ψ′〉 = Θij
αγ |αijγ〉 (23)

Where Θij
αγ is given directly by the local operator acting

on the MPS representation itself, as described in eq. 18,
where this can effectively be viewed as a density matrix
operation. Note that, for the Γ-terms, the bottom two
indices range between 1 and χ, while the first upper
index is the site index, and the second is the spin basis
index. The λ-term is of course indexed from 1 to χ.
The operator V is indexed by the two spin subsystems
and their composite Hilbert space.

Θαγ
ij = V ij

kl Γ
[C]k
αβ λβ Γ

[D]l
βγ (24)

Of course, this process is not the end, and there is no
longer an MPS representation, just an evolved state.
MPS is restored through a series of projections, namely
creation of new partially traced density matrices, such
as this density operator

ρ
′[DK] = 〈α|α〉Θij

αγΘij′∗
αγ′ |jγ〉 〈j

′γ′| (25)

for the rightmost two subsystems. This density opera-
tor is mined for its eigenvectors and eigenvalues (all of
thus running under O(χ3)), and then the components
of the new λ-term become the square root of the eigen-
values, whereas the new Γ-term is updated through
projection onto the |jγ〉 basis.

|Φ[DK]
β 〉 = Γ

′[D]j
βγ |jγ〉 (26)

And the complementary operation is of course per-
formed on the other half of the Hilbert space, with a
corresponding density operator (a partial trace over
the whole system, computed much less expensively due
to MPS formalisms), which yields another projection

|Φ[JC]
β 〉 = Γ

′[C]i
αβ |αi〉 (27)

whereby all mutable terms are updated, and MPS has
been restored so as to represent the updated state |Ψ′〉.
This represents the evolution for some small Trotter
step, and can be repeated as many times as desired.
While there are further details to each computation, the
gist is still this: picking out relevant pieces of the MPS
representation, altering them directly through local
operations, and smoothly integrating this subsystem
back into MPS through vector projection.

9.3 Feynman Quotation

“It always bothers me that, according to the laws as we
understand them today, it takes a computing machine
an infinite number of logical operations to figure out
what goes on in no matter how tiny a region of space,
and no matter how tiny a region of time. How can
all that be going on in that tiny space? Why should
it take an infinite amount of logic to figure out what
one tiny piece of space/time is going to do? So I have
often made the hypotheses that ultimately physics will
not require a mathematical statement, that in the end
the machinery will be revealed, and the laws will turn
out to be simple, like the chequer board with all its
apparent complexities —
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