
A THEORETICAL APPROACH TO THE EVOLUTION OF SEXUAL DIMORPHISM BY SEXUAL 
SELECTION 

BY SIFAT S. YUSUF 
 
On January 1982, the scientific journal Evolution published a paper entitled ‘Sexual Selection and the 
Evolution of Female Choice’ by Mark Kirkpatrick. His paper tried to explain why in nature, there were 
times when females would show a preference for males who possessed traits that were 
disadvantageous for survival, and why such traits would evolve.  By way of a two-locus haploid 
model that utilizes the evolution of a preference and trait in a polygynous population, Kirkpatrick 
began his explanation.  

KIRKPATRICK’S MODEL 

In this 2-locus model, one locus codes for the mating preference, while the other codes for the male 
secondary sexual trait. Kirkpatrick predicted that when this system reached equilibrium, he would 
observe that the frequency of male traits would be governed by the frequency of female preference. 
He also stated that, the ‘frequency of the mating preference itself is not selected upwards or 
downwards’ (Kirkpatrick, 1982).  

The two genetic loci considered for this system are the following:  

- P  which determines female mating preference 
- T  which determines male trait expressed 

P is only expressed in females, and T is only expressed in males. Furthermore, the P and T loci each 
have 2 alleles: 

- T1: male without secondary sexual characteristics  
- T2: male with secondary sexual characteristics (this trait reduces viability by 1-s, where s>0) 
- P1: females that mate indiscriminately 
- P2: females that mate preferentially with T2 males.  

A generation is allowed to proceed. The frequencies of genotypes are identical in the 2 sexes at birth 
since the loci are autosomal. The following table gives the frequencies for the different mating types 
(A is defined as mating preference strength):  

FEMALES MALES 
T1P1 T1P2 T2P1 T2P2 TOTAL 

T1P1 X1X1* X1X2* X1X3* X1X4* X1 

T1P2 (X2X1*)/Z (X2X2*)/Z (AX2X3*)/Z (AX2X4*)/Z X2 
T2P1 X3X1* X3X2* X3X3* X3X4* X3 
T2P2 

 
(X4X1*)/Z (X4X2*)/Z (AX4X3*)/Z (AX4X4*)/Z X4 

TOTAL X1* (P1+   
 

 ) X2*(P1+   
 

 )  X3*(P1+  ∗  
 

 ) X4*(P1+  ∗  
 

 )  

 [Table 1: The frequencies of haploid genotypes are denoted as the following: x1=T1P1, x2=T1P2, 
x3=T2P1, and x4= T2P2. The xi* denotes frequency of T1P1 among males after viability selection. Also:    
i) z=x1*+ x2*+ Ax3*+ Ax4*          ii) T2=x3+x4        iii) P2= x2+x4  ] 



Allowing for recombination between the 2 loci, the next genotype generation is formed. This allows 
a set of recursion equations in the four genotype frequencies, which can be translated into recursion 
equations in the allelic frequencies T2, and P2, and linkage disequilibrium D (a measure of non-
random association between alleles at T and P loci, defined as D=x1x4-x2x3). The frequency of T2 
changes as a result of natural and sexual selection. However, the frequency of P2 changes due to 
non-random association of T2 and P2 genes. Thus, there is no direct selection on P2.  

Further progression revealed that when male trait is in equilibrium (ΔT2=0), mating preference 
(ΔP2=0) is also at equilibrium.  The figure below shows an equilibrium curve. Based on the fact that 
each point on the curve indicates equilibrium, displacement of the population from one point on the 
curve to another point will cause it to remain at that new position. 

                                      
         Figure 1.      

‘Once a population is on this curve, no forces arising from assumption of this model will cause the 
mating preference to increase or decrease in frequency’ (Kirkpatrick, 1982). Only other weak factors 
would determine the fate of the preference allele. Thus, the possibility of other factors (like genetic 
drift) determining the fate of the preference allele is likely.  

The possibility of no single point of equilibrium is explained by separating the effects of natural 
selection and the mating success. Equilibrium indicates that T2 males (trait bearing allele) may suffer 
from viability deficit, but this is offset by their mating advantage (female preference). Thus, both 
male types end up having identical fitness. Mating advantage is determined by both frequency and 
strength of preference allele. 

In summary, Kirkpatrick's 2-locus model follows a polygynous population that has a male trait 
causing reduction of viability and a female mating preference for that trait.  Due to this mating 
preference, the less viable male trait may increase in frequency and then be maintained in the 
population.  Should a mutation give rise to such a less viable male trait, and if this trait should reach 
a high frequency in the population, then male life expectance would deteriorate drastically.  In 
addition, although the female mating preference is neither selected for nor against, females 
exhibiting the preference may spread due to the non-random association with the preferred male 
trait. 
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In this section above the bold 
line, we have ΔP2>0 and ΔT2>0. 
This is the region that will be 
referred to as the region of 
positivity. 

This section, below the bold line 
is where ΔP2<0 and ΔT2<0.  



EXPANSION OF THE MODEL  

In the case of this project, we expand on Kirkpatrick’s model by adding a modifier of sexual 
dimorphism. We now have the following: 

 MALE FEMALE 
ALLELE FORMATION T2M1 T2M2 T2M1 T2M2 
VIABILITY  1-S1 1-S2 1-σ1 1-σ2 
(Table 2.) *Note: For males it’s relative to T1 males, and for females it’s relative to T1 females.  

We also reiterate that P1 females mate randomly, but P2 females prefer T2M1 males α1 times, and 
T2M2 males α2 times, over T1 males.  

The first step in this project was to write a program that would give us the frequency of the alleles 
after allowing a generation to mate. In contrast to Kirkpatrick’s model, which has 4 genotypes, in the 
current model there are 8 genotypes (since there are 2 alleles at each of 3 loci). Hence, the model 
we get is 7 dimensional, but we want to picture the dynamics of the model with a 3D cube.  

         P2 Figure 2. 
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As depicted by the arrows pointing to the sides, based on the data we expect to find, we hypothesize 
that convergence of the trajectories within this cube can be obtained by iterating the model 
recursions.  It should be noted that convergence will only occur on a surface area that is positive, 
meaning, where the conditions that ΔT2>0 and ΔP2>0 are meet on each of the surface (we shall refer 
to this as region of positivity).  

In order to calculate the region of positivity we used the Newton-Raphson method for nonlinear 
systems of equations. For this study, we use two dimensions, where we want to solve 
simultaneously: f(x,y)=0 and g(x,y)=0. In the case of this model, the equations will be f(P2,D)=0, and 
g(P2,D)=0. P2 is defined by the following equation:  

 =  
  

1 −    
+  

 +  − 2    

1 −    
 
1 + [ (1 −  ) − 1]  

( − 1)(1 −  )
 

We define f(P2,D) to be: 

    ,  =    − 
  

1 −    
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 +  − 2    

1 −    
 
1 + [  (− ) − 1]  

( − 1)(1 −  )
 

In this report, I haven’t included  (  ,D) because it’s very complicated.  

If data should converge on this 
side, then this face indicates 
low dimorphism.  

If data should converge on this face 
it indicates high dimorphism.  



In order to show the relationship between T2 and P2,, I include 2 examples. In the first example, we 
begin by specifying the following parameters to the computer program to obtain the following data 
in regards to area:  

- S1= 0.2  - σ1= 0.2 - A1= 2      (these all correspond to M2=0) 
- S2=0.4  - σ2= 0.1 - A2= 3      (these all correspond to M2=1; fixation) 

The data is then show to converge at the points 

- T2= 0.197074 
- P2= 0.478829 
- M2= 0.99999 (almost at 1, thus approaching fixation) 

Figure 3.   

The graph above indicates how these points would look when they are translated into X and Y 
coordinates. The arrow indicates the points of convergence as they appear on the graph.  

The second example, we change the parameters to the following values:  

- S1= 0.2  - σ1= 0.2 - A1= 2      (these all correspond to M2=0) 
- S2=0.4  - σ2= 0.1 - A2= 5      (these all correspond to M2=1; fixation) 

The data converges at these points: 

- T2= 1.000000  -M2=1.000000 
- P2= 0.622345 

The graph below once again indicates the trajectory of the data points, and the arrow once again 
shows where the points converge.      
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             Figure 4.  

After writing out the program with the necessary equations, and parameter values, we carry out 10 
examples of different parameter values. For this project, we also consider the initial conditions to be 
the even distribution of the different genotype frequencies. It is important we realize the stage in 
the model in which we can make generalizations has not been reached at the time of writing this 
report. The following table gives a summarized form of the values obtained, including what the 
results indicate:  

PARAMETER VALUES CONVERGENCE 
No. S1 S2 σ1 σ2 A1 A2 SURFACE AT LARGER SURFACE? 
1 0.2 0.3 0.05 0.1 3 5 M2 Yes 
2 0.1 0.5 0.07 0.08 2.5 2.8 M1 Yes 
3 0.1 0.2 0.05 0.07 2.5 3 M2 No 
4 0.3 0.5 0.05 0.07 2.3 2.8          M1 Yes 
5 0.4 0.5 0.03 0.08 2.0 3.0 Neither (Polymorphism) - 
6 0.1 0.3 0.02 0.05 1.5 2.0 M1 Yes  
7 0.2 0.4 0.04 0.07 2.3 2.8 M1 Yes 
8 0.5 0.7 0.05 0.09 1.3 1.8 Neither (Polymorphism) - 
9 0.4 0.5 0.03 0.06 2.2 2.5 Neither (Polymorphism) - 
10 0.3 0.6 0.02 0.05 1.7 2.2 Neither (Polymorphism) - 
(Table 3.) 
 
After studying the convergence values obtained by the program, we can observe that: 

- When T2 goes to 0, then the frequencies of M1 and M2 doesn’t change. A polymorphism is 
seen when T2 approaches or is equal to 0. 

- If the frequency of T2 remains positive (either fixed or polymorphic at equilibrium) then 
either M1 or M2 is fixed. 

- In most cases, convergence occurs at the region of positivity.  

CONCLUSION 

It’s important to remember, that for this project, we only considered an even distribution of the 
different haploid genotypes. This affects our equilibrium, since it depends on initial conditions. 
Further research is required should the initial conditions change, thus resulting in different 
equilibrium points obtained.    
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