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The two-body J = 0 (or symmetric state) dominance
conjecture is a mathematical conjecture that arose in
nuclear physics. For a period of six weeks I have stud-
ied the conjecture, attempted to generalize it, investi-
gated its insensitivities to the underlying probability
distributions and tried to determine hitherto unknown
differences between bosonic and fermionic statistics, as
they relate to the conjecture, to provide an insight into
the mechanisms giving rise to symmetric dominance.
In terms of my research I will try to set out my work
and views in a more detailed research paper before the
conclusion of the year.

Symmetric Dominance conjecture

If V is a vector space representation of
SO(3) (rotations R), with representation matrices RV ,
and if Tj = {T jm : −j ≤ m ≤ j} is a set of 2j + 1
linear operators acting on V , then Tj is a spherical
tensor operator of rank j (j = 0, 1, 2, 3...) if

RVT
j
mR

−1
V =

∑
m′

T jm′D
j
m′m(R)

Dj
m′m(R) are the representation matrices of SO(3) as

they appear in terms of the jth irreducible representa-
tion of SO(3) (the representation j). In particular, if
Y j
m(~r) are the jth spherical harmonics, and if ~r′ = R ·~r,

then

Y j
m(~r′) =

∑
m′

Y j
m′(~r)D

j
m′m(R)

If V = j, then the set of creation operators a†|j,m〉 :

−j ≤ m ≤ j is a spherical tensor operator a†j of rank

j. The scalar product of two spherical tensors, Al and
Bl, both of rank l = 0, 1, 2..., is

A ·B =
∑
m

(−1)mAlmB
l
−m

A·B has rank 0 and is unchanged by rotations, accord-
ing to RV(A·B)R−1

V = (A·B). For distinguishable par-
ticles and V = j, as j⊗j = 2j⊕2j− 1⊕2j− 2⊕ ...⊕0,
there is exactly one spherical tensor [ajaj]

J (up to
conjugacy) of rank J = 0, 1, ...2j, constituting the op-

erator set
{
a†|jm〉a

†
|jm′〉 : −j ≤ m,m′ ≤ j

}
.

A two-body interaction Hamiltonian over V = j is a
linear map H = H† : V −→ V of the form

H =
∑
L

V L[a†ja
†
j]
L · [ajaj]L

VL are numbers. In the general case V is a finite-

dimensional SO(3) representation V = 0
⊕N0 ⊕ 1

⊕N1 ⊕
2
⊕N2 ... (Ni = 0, 1, 2...). A two-body Hamiltonian in-

teraction is

H =
∑
ijkl,L

V L
(kl→ij)[a

†
ia
†
j]
L · [akal]L

V L
(kl→ij) are numbers. If V L

(kl→ij) are randomly gen-

erated in terms of a uniform distribution µP(x) =
1
2
,−1 ≤ x ≤ 1; 0, |x| > 1 or the real normal dis-

tribution V L
klij ∼ N (µ, σ), or any other distributions

(subject to H = H†) then H is a randomly generated
rank 0 spherical tensor operator, a rotationally invari-
ant potential, and an SO(3)-commuting two-body ma-
trix [H, Jx] = [H, Jy] = [H, Jz] = [H, J2] = 0. Whereas
H is defined as an interaction on V ⊗ V (distinguish-
able particles) or V ∧ V , the total antisymmetrization
of V⊗2 (indistinguishable fermions), or Sym(V ⊗ V),
the total symmetrization (indistinguishable bosons) H
also has an action on the N -particle distinguishable
spaces V⊗N , indistinguishable fermionic spaces ∧NV
and bosonic spaces SymNV , in terms of creation and
annihilation operators. In the case of N boson parti-
cles (single-particle states are in V),

SymN(V) =
{
a†j1m1

a†j2m2
a†j3m3

...a†jNmN |0〉
}

[
a†j1m1

, a†j2m2

]
= [aj1m1 , aj2m2 ] = 0[
aj1m1 , a

†
j2m2

]
= δj1j2δm1m2

H is expressible as

H =
∑

j1−4,m1−4

Ṽ(j3m3,j4m4→j1m1,j2m2)a
†
j1m1

a†j2m2
aj3m3aj4m4

For some Ṽ depending on V . Ṽ(j1m1,j2m2→j3m3,j4m4) = 0
unless at least m1 +m2 = m3 +m4 as H is SO(3) (and
so Jz) commuting. In this form it is clearer how H also
has a linear SO(3)-commuting action on the fermionic
and bosonic N -particle spaces. The symmetric domi-
nance conjecture relates to the unusual prevalence of
J = 0 angular-momentum quantum numbers belong-
ing to the ground state (lowest energy) eigenstates of
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these N -particle matrices of H. The high proportion
of symmetric states J = 0 is insensitive to the (identi-
cal) probability distributions of Vijkl,L. In the case of
the double-cover SU(2) of SO(3), and so for angular-
momentum/spin coupled two-body systems as well as
furthermore systems coupled to the nuclear isospin
symmetry, there is a similar and surprisingly high pro-
portion of symmetric ground states even though the
ensemble of H matrices is random.

Comments

The symmetric dominance conjecture is outstanding
for a period of 12 years. Its primary difficulty is due
to the hard transition from H2 (the matrix of H act-
ing on two particles) to HN (the N -particle matrix of
H). The determination of the eigenstates of HN in
terms of H2, which may even have a small generator
set, is computationally complex and chaotic. Very few
interesting and almost no large combinations (V , N)

are analytically solvable. There is an unusually reli-
able correspondence between the proportion of ground
states with quantum number J amongst the whole H-
ensemble as compared to the same proportion amongst
only the generators Vijkl,L = δijkl,L [2]. Apart from this
however, the structure of VN and of its spectrum is for
the most part unknown. The causes and the explana-
tion of symmetric dominance is unlikely to exclusively
depend to the spherical symmetry of H (regarded in-
formally as a spherical potential) as symmetric domi-
nance is generally expressed less by bosons (which form
condensates) than by fermions (which do not form con-
densates) and furthermore for fermions there is often
an unexplained prevalence of J = Jmax quantum num-
bers amongst the ground states of random two-body
H. Figure 1 is a collection of numerical examples, for
various N and single-nuclear-shell j, and is reproduced
from [1]. The y axis is the percentage proportion of
quantum number J amongst the ground states of H.

Figure 1: Reproduced from [1] (arXiv e-Print). The frequency with which angular-momentum J belongs to H’s
ground state, for various particle-numbers N , statistics (bosonic/fermionic), and single-nuclear-shells V = j. In the
case of fermions a sub-dominance amongst Jmax quantum numbers can be seen.

If time reversal symmetry U is applied to H2 then the
proportion of ground states belonging to the many-
body J = 0 subspace can be at least as high as 75% of
the H-ensemble [3]. If parity P is considered in tan-
dem with angular momentum then 0+, the symmetric
ground state, tends to dominate the ensemble. If the
two-body nature of H is generalized and increased to
three-, four- or M -body interactions, then dominance
tends to be observed when N � M but not so much
when N ≈M [4].

The difficulties of describing VN in terms of V2 are
illustrated by the lack of Markov-type processes in the
many-body interaction. Time-independent Markov
processes are probabilistically simple to describe and
as they evolve the system (Markov chain) tends to-

wards a predictable equilibrium which would be useful
for an analysis of J = 0 type ground states. Al-
though H =

∑
j1−4,m1−4

Ṽ(j1−4m1−4)a
†
j1m1

a†j2m2
aj3m3aj4m4

is time independent so that the solution φ(t) of
the Schrödinger equation i ∂

∂t
· φ = H · φ is exactly

e
−it

∑
j1−4,m1−4

Ṽ(j3m3,j4m4→j1m1,j2m2)
a†j1m1

a†j2m2
aj3m3

aj4m4φ(0),
there is no continuous-time Markov process describing
the transition rates to and from N -body (or even 2-
body) particle states. The transition probability from
orthogonal states |φ1〉 to |φ2〉 6= |φ1〉 after time t is

|〈φ2|e
−it

∑
j1−4

Ṽj1−4m1−4
a†j1m1

a†j2m2
aj3m3

aj4m4|φ1〉|2 =O(t2)

Markov processes all have transition rates O(t) rather
than O(t2) and so are not describable as graphs in
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this way. The computational demands of the domi-
nance conjecture, in medium-sized examples, are no
less than the intensities of numerically evaluating the
low-energy spectra of one-million dimensional square
matrices tens-of thousands of times.

Research

I will describe two aspects of my research in this sum-
mary report. It is an unanswered and interesting ques-
tion as to why bosons have less pronounced domi-
nance behavior than fermions in general. There is
numerical evidence to suggest that, all other things
considered, there is more opportunity for bosons to
exhibit symmetric dominance and yet this is not ob-
served. These suggestions that fermionic statistics give
rise to mathematical simplifications (as compared to
bosonic statistics) is unusual as bosons naturally con-
densate whereas fermions do not, and bosonic statistics
are inherently less complicated than fermionic statis-
tics. Figure 2 plots the decomposition of ∧N(10) =
0⊕N0 ⊕ 1⊕N1 ⊕ 2⊕N2 ⊕ ... to the left, and of SymN(10)

to the right. j subspaces are plotted versus their pow-
ers Nj for different N . The number of trivial repre-
sentations N0 of 0 remains small as N becomes large
for bosons and for fermions. The distribution of rep-
resentations in the many-particle space is dominated
by small-valued j subspaces greater than 0. Therefore
even though 0 subspaces represent diminishing contri-
butions to the many-particle space, for bosons and for
fermions, the ground state lies inside these subspaces
frequently. Furthermore 0 is the only one-dimensional
representation of SO(3) so that in general, counted in
terms of dimensions, j = 0 subspaces account for a
very small proportion of the many-particle space. In
the case of bosons, N can increase without limit but
in the case of fermions, ∧N(j) = 0 if N > 2j + 1. This
notwithstanding, SymN(j) tends to be much larger
than ∧N(j) and so the number of duplicates of 0 is
greater for bosons. All of these observations suggest
that symmetric dominance is in no way due to the
sizes of block-submatrices representing J or M sub-
spaces, and that bosons are not different from

Figure 2: The composition of ∧N10 and SymN (10) as N increases. The x axis, right to left increasing, is the number
j labeling the irreducible SO(3) representation j. The y axis is the multiplicity of j in ∧N (10) or SymN (10) (the

exponent Nj for which, for example, ∧N (10) = ...⊕ j
⊕Nj ⊕ ...). The fermionic space ∧N (10) is the left-hand column,

for N = 1, 3, 10. The bosonic space SymN (10) is the right-hand column, for N = 1, 3, 14.
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fermions (in terms of the conjecture) in an obvious way.
The two-body nature of the interaction forbids certain
many-body interactions. The Hamming distance be-
tween many-body basis states is a restriction on the
feasible nonzero matrix elements. In terms of bosons
and fermions there are slight differences between the
numbers of such impossible two-body interactions.
Figure 3 is the proportion of (always-)zero matrix el-
ements HNi,j for fermions and bosons respectively.
Although, given (i, j), the value of HNi,j is complex
the averages and standard deviation of HNi,j can be

calculated and bounded in terms of statistical inequal-
ities. The following examples are taken from the small
case N = 4,V = 7 for bosons and fermions. Figure 4
and Figure 5 plot all of the standard-deviations σ of
the off-diagonal matrix elements H4i,j. These values
are grouped into vertical columns according to the Jz-
many-body (four-body) quantum number M to which
they belong: to the block-submatrix of H4 whose basis
elements have quantum number Jz = M .

Figure 3: Jz quantum number M versus the proportion of always-zero matrix elements (for two-body H). The x-axis, left-to-
right increasing, is the quantum number M of Jz labeling the Jz subspace submatrix of H4 whose basis elements all have quantum
number M . This is a block-diagonal submatrix of H4 as H, and so H4, is SO(3)-commuting. Here N = 4,V = 7. Fermions and
bosons are left/right respectively

Figure 4: The standard-deviations σ of off-diagonal matrix elements for fermions. The probability distribution of H2-generators
are i.i.d.r.v. uniform on [−1, 1]. N = 4,V = 7. The x-axis, left-to-right increasing, is the quantum number M of Jz. σ ≤ 1/

√
3

is the upper bound for fermions regardless of the symmetry group (SO(3) here). 1/
√

6 is a slightly better bound in the case of
SO(3) here. In the case of a normal H2 distribution, σ as displayed (and the bounds 1/

√
3, 1/
√

6) are multiplied by
√

3.
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Figure 5: The standard-deviations σ of off-diagonal matrix elements for bosons. The probability distribution of the
generators of H2 are identically uniform on [−1, 1]. In the case of a normal distribution, σ as displayed are multiplied
by
√

3. N = 4,V = 7 with bosonic statistics. The x and y axes, and columns, represent the same information as in
Figure 2. In this case the bound 1/

√
3 is exceeded sometimes and the bound 1/

√
6 is exceeded often.

In the fermionic V = j case it can be shown that for
the off-diagonal matrix elements HNi,j

1. Given a group G (SO(3)) only finitely many σ
are possible no matter how large is N or M or
what is the probability distribution of H2 (the
finite set of possible σ depends on the distribu-
tion).

2. σ ≤ 1√
3

for the uniform [−1, 1] distribution and
σ ≤ 1 for the normal distribution for any N .

3. Neither of the above are true for bosons

Compared to the distribution of off-diagonal σ for
fermions, Figure 5 shows that bosonic statistics gives
rise to σ > 1√

3
sometimes and σ > 1√

6
often. There

is a suggestion that bosonic HN tend to have sporadic
large matrix elements whereas fermionic HN do not.
This behavior could be expected to have an effect on
the eigenvalue spectrum of bosonic HN , as a mecha-
nism through which highest- and lowest-enegy eigen-
values can more frequently obtain quantum numbers
other than J = 0 and J = Jmax. In Figures 4a and 5a
the columns appearing in Figures 2 and 3, respectively,
with M = −12 are plotted as distributions.

Figure 4a: The distribution of off-diagonal σ in
the M = −12 block submatrix of H4 for

fermionic statistics. N = 4,V = 7

Figure 5a: The distribution of off-diagonal σ in
the M = −12 block submatrix of H4 for bosonic

statistics. N = 4,V = 7
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In both cases the interval [σmin, σmax] is divided into
100 subintervals of equal width. The number of times
σ falls into such a subinterval, as a proportion of all
(M = −12)-type off-diagonal σ, is plotted on the y
axis. The smallest value in each subinterval consti-
tutes the x co-ordinate. In this representation the
nature of the boson condensate is clearer. There are
numerous sporadic large σ and the indication, mathe-
matically and in terms of this particular data, is that
the bosonic profile is wider and more dispersed than
the smoother fermionic profile.

The increased variance of bosonic matrix elements, as
compared to fermionic matrix elements, is physically
and mathematically attributable to bosonic condensa-
tion. Fermions cannot condensate and, in a technical
way, this results in a higher regularity.

The behavior of on-diagonal HNi,i elements is sim-
ilar for bosons and fermions but markedly different
from the off-diagonal behavior. Figure 6 shows the
on-diagonal σ for fermions N = 4,V = 7. The ele-

vation near the indices x = 0, x = dim(HN) appears
to be due to a form of entropy amongst the SO(3)-
species CG-coefficients. The plotted range of σ is full,
so that in comparison to the bosonic graph in Figure
6a, smaller variances are recorded near the extremal
indices. Near the M = 0 block-submatrix there is a
similarity between diagonal variances for bosons and
fermions. The profile of the two graphs ’levels out’
near M = 0 and at approximately the same value.

The graphs show chaotic fluctuations but despite this,
the value at which the profile levels out appears to be
predictable. For either N bosons or fermions in single-
particle states V = j (any j) the standard-deviations σ
of diagonal Mi,i is bounded below

σ(Mi,i) ≥
N(N − 1)

2
√

3

1√
j

In Figure 6 this lower bound is 2
√

3
7

= 1.309307... .

The global minimum of the graph is 1.337187... and
this value is found on the circled indices i = 581, 851.

Figure 6: The standard deviations σ of on-diagonal matrix elements. N = 4,V = 7, with fermionic statistics.
The x-axis, left-to-right increasing, is the i index of H4 i,i. The vertical lines clustering near x = 0, x = dim(H4)
are artificial dividers labeling the dimensional boundaries of M -submatrix subspaces of H4. The y axis is the
standard deviation σ. The red circles are the global minima of this sample. The red horizontal rule, labeled

2
√

3
7
, marks the theoretical lower bound among the sample for this choice of single-nuclear-shell j (V = j) and

N .
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Figure 6a: Bosonic diagonal σ. N = 4,V = 7.
Matrix index x, versus σ. Artificial vertical lines label

the boundaries of Jz quantum-number subspaces,
left-to-right M is increasing. The red rule is the lower

bound σ ≥
√

3/2.

This result was derived assuming identical and uniform
[−1, 1] probability distributions among the H2 genera-
tors. If H2 generators are distributed ∼ N (0, 1) the in-
equality is multiplied by

√
3 and, if 1√

j
is then replaced

by
√

(
∑

j=0,1,2...Nj)
−1

, the inequality is valid for any fi-

nite fermionic V (∧NV = 0
⊕N0⊕1⊕N1⊕...). In the case

of the single-nuclear-j-shell for fermions, there can be
at most N = 2j + 1 fermions in the system. The most
interesting population in terms of symmetric domi-
nance is N = j + 1, the half-populated choice. In this
case σ ≥ (j+1)j

2
√

3
1√
j
≈ j2

2
√

3j
= j

√
j

2
√

3
−→ ∞ as j −→ ∞,

whereas for off-diagonal elements σ(Mi,j :i 6=j) ≤ 1√
3

al-

ways (normal distribution ×
√

3).

Therefore as j −→ ∞, the diagonal elements Hj+1i,i

vary more and more aggressively. These observations
are essentially the same, for fermions, in the case of
i.i.d.r.v. H2-generators with uniform or normal distri-
butions and this suggests an insensitivity to the dis-
tribution, which has been commented on in the liter-
ature. The central limit theorem for i.i.d.r.v.’s is an
indication that, as the number of generators of H2 in-
creases, the distribution of each HNi,j approaches an
approximately Gaussian profile. However the central

limit theorem Sn−µ
σ/
√
n

d−→ N (0, 1) applies to the average

of identically distributed random variables, whereas
HNi,j comprises weighed combinations of H2 genera-
tors. The sum of Gaussian distributions is Gaussian
however, and the sum of many similar uniform dis-
tributions is more or less Gaussian (with large vari-
ance) [5]. The eigenvalue spectrum of HN depends on
the scalings of all HN i,j jointly but which j-quantum
number belongs to the ground state does not (positive
scalings). In particular when H2 have mean µ = 0
the use of HN i,j or HN i,j/(σ

√
n) does not change the

analysis. The CG-coefficients themselves are bounded
and, although difficult to work with, are somewhat
orderly. These observations suggest that in the limit
N −→∞, at least in the case of some V , HN i,j may be

distributed almost always in a Gaussian way with pre-
dictable σ, or rather that the appearance of HN in the
limit N −→∞ may be expected to some extent to be
independent of the distributions of H2 i,j, which would
explain the notable insensitivity of the dominance con-
jecture to the underlying distribution. This aspect of
my research has been concerned with the hope that
the matrix HN,M=0 (the M = 0 submatrix of HN), al-
though complex, may be describable in the large j,N
limit (V = j). I have tried in particular to determine
whether fermionic HN,M=0 can be expressed as

HN = HGOE + diag(a1, a2, a3...) (+Z)

Where

1. HGOE is a real normal Gaussian matrix with
off-diagonal components distributed according to
HGOE i,j ∼ N (0, 1)

2. diag(a1, a2, a3...) is diagonal with i.i.d.r.v. ak ∼

N
(

0,
(
N(N−1)

2

)2
1
j

)
3. Z is a ’noise matrix’ of forced zeros HNi,j = 0

As H2 is SO(3)-commuting, so also is HN for each
N > 0. If HN commutes with every operator in SO(3),
then in particular it commutes with Jz and J2. There-
fore every eigenvalue of HN with quantum number j is
2j+1-fold degenerate. In particular, there is one eigen-
vector for each choice of eigenvalue which has M = 0.
This means that all of the information in HN and its
spectrum is contained in HN M=0. The eigenvalues
appearing in HN M=m (m > 0) are all eigenvalues of
HN M=m−1 (and similarly when m < 0) and in principle
any HN,m can be reconstructed knowing only HN,M=0.
With a view to this, the joint probability distribution
of the eigenvalues of HN M=0 is of interest. The joint
probability allows for an expression of the probability
that a new eigenvalue x, appearing in HN M=0 and not
HN 1 and HN −1, is the smallest in the spectrum of HN .
On its own the real normal random matrix HGOE has
an eigenvalue joint-probability-distribution [6]

P(x1, x2, x3...) = e(−
1
2

∑N
1 x2j)

∏
j<k

|xj − xk|

This is a form of eigenvalue repulsion as the joint-
probability-density vanishes whenever any eigenvalue
pair xj1 and xj2 coincide. The diagonal matrix
diag(a1, a2, a3...), on its own, has independent eigen-
values each with a real Gaussian distribution. If the
forced noise ’matrix’ Z is, in some sense, manage-
able and it does not drastically change the spectrum
of HN M=0, then it may be possible that the joint
probability distribution of HN M=0 eigenvalues retains
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some of the characteristics of independent Gaussian-
distributed eigenvalues, except with a repulsion. In
this case, new eigenvalues appearing in HN M=0 but
not in HN M=1 would be repelled from their predeces-
sors. This repulsion would take place in the direction
of higher and lower energies, but a surplus of a few hun-
dred dimensions say dim(HNM=0) − dim(HNM=1) >

100 may lead to a high probability that new eigenval-
ues in HN M=0 are of overall lowest energy at the same
time as belonging to the j = 0 quantum number. Fig-
ure 7 displays the structure of HN M=0 in the fermion
case V = 7, N = 4

Figure 7: V = 7, N = 4, fermionic statistics. Heat map of the standard deviations σ of H4M=0 matrix elements.
H4M=0 is the M = 0 submatrix of H4 whose basis elements all have Jz quantum number M = 0. The key, to
the right, labels the continuous black/white color range by numerical σ. Purely black patches in H4M=0 are due
to impossible two-body interactions and represent the noise Z. The bright diagonal component diag(a1, a2...)
can be seen. The central limit theorem, and similar, gives limited information about the distribution of the
duller off-diagonal elements.

Dominance has been observed in spinless SO(3)
bosonic/fermionic systems, these same systems with
spin and isospin and, to a lesser extent, in some larger
groups. An interesting question is how to generalize
the dominance conjecture to the case of an arbitrary
group symmetry G. If G is finite or infinite and orderly
(compact Lie-group) then the representation theory of
G provides a framework on which dominance can be
stated and studied. The representations j, j = 0, 1, 2...
are the unique irreducible representations of SO(3) in
a similar way that j, j = 0, 1

2
, 1, 3

2
, 2... are the unique

irreducible representations of SU(2). The question
of dominance relates to a two-body Hamiltonian H,
which is SO(3) (or SU(2)) commutative. The ap-
propriate generalization of the SO(3)-dominance con-
jecture is therefore via a single-particle representa-
tion space V which is a representation of the group
G. As V is a representation space of G, so also are

V⊗N (N distinguishable particles), ∧N(V) (N indis-
tinguishable fermions) and SymN(V) (N indistinguish-
able bosons). If the representation matrices of G, over
V , are φ(g) : g ∈ G, then the action of G on any
of these product spaces can be described in terms of
the operator φg with the property φga

†
ψφ
−1
g = a†φ(g)ψ,

ψ ∈ V . H is two-body when it can be expressed in
terms of sums of products of two creation operators
and two annihilation operators, however it is less clear
in the case of arbitrary groups G what the analogue
of the spherical-tensor scalar product · is. If V has an
orthonormal basis vj then this problem can be avoided
to some extent by describing H as an operator of the
form

H =
∑
ijkl

V(vkvl)→(vivj)a
†
vi
a†vjavkavl

For which H = H† and for which each g ∈ G has
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[φg, H] = 0. Schur’s Lemma simplifies the form of H.
As any H of this kind is G-commutative, H cannot
mix non-isomorphic representations of G when it acts
on V⊗N ,∧N(V) or SymN(V). Although there may be
no canonical choice of quantum number to conserve
(in the sense a number as a label, i.e. j), there is
a meaningful assignment of irreducible representation
space to eigenvectors of H (as a matrix, acting on
product spaces). As all groups G have a trivial ir-
reducible representation 1 (a one-dimensional complex
vector space on which all g ∈ G act as the identity)
there is a ”most symmetric” representation of G and so
some eigenvectors ofH will correspond to this symmet-
ric representation. The dominance conjecture is then
the same question as for SO(3), and SO(3) ⊗ SU(2),
in the case of G: in the fermionic exterior product
∧N(V) are the ground-state eigenvalues of two-body
G-commuting operators H predominantly belonging to
the symmetric and trivial representation or to other
irreducible representations? Many of the above obser-
vations apply to the more general case of arbitrary G.
The cases of finite G and of SO(2) have been of inter-
est. A partial answer to dominance conjecture for finite
groups is that the finite cyclic groups Cn, for the most
part, do not give rise to dominance. The irreducible
representations of Cn are Vµ, Vµ2 , Vµ3 ...V1 where µ is a
complex nth root of unity with smallest argument. If
V = Vµ⊕ Vµ2 ⊕ Vµ3 ⊕ ...V1 consists of one copy of each
non-isomorphic irreducible representation and if H has
the form

H =
∑
ijkl

V(µkµl)→(µiµj)a
†
µi
a†
µj
aµkaµl

The operator Ωα, ΩαaµjΩ
−1
α = aµj+α sends

a†
µi1
a†
µi2
a†
µi3
...a†

µiN
|0〉 to a†

µi1+α
a†
µi2+α

a†
µi3+α

...a†
µiN+α|0〉.

The former basis state is a generator of the repre-
sentation Vµi1+i2+...+iNmod(n) and the latter is a gen-
erator of the representation Vµi1+i2+...+iN+Nαmod(n) .
Under conjugacy Ωα transforms H into H ′ with
V ′

(µk+αµl+α)→(µi+αµj+α)
= V(µkµl)→(µiµj). As this is an

unmixed permutation of matrix elements V , the prob-
ability densities of H and H ′ are equal in distribu-
tion. However eigenvectors of H which are generators
of representations Vµj transform into eigenvectors of
H ′ which are generators of Vµj+αN mod(n) . Therefore if
(N, n) = 1 then as α varies over α = 0, 1, 2...n− 1, the
ground state eigenvector of H rotates through the sub-
spaces Vµ, Vµ2 , Vµ3 .... In many cases the finite cyclic
groups Cn therefore do not give rise to dominance.
The finite abelian groups are products of cyclic groups
and dominance can also be avoided in these cases. The
infinite abelian group SO(2) does give rise to domi-
nance[6] and in this case there is no finite-dimensional
V on which Ωα can act in a closed way. The dominance

conjecture applied to finite and infinite subgroups of
SO(3) have potentially been of interest. The finite sub-
groups of SO(3) are the rotational symmetry groups
of the Platonic solids, the Tetrahedron, Cube, Octahe-
dron, Dodecahedron and Icosahedron, and the cyclic
groups Cn (which sometimes avoid dominance). The
Dodecahedron and Icosahedron are dual, and the Cube
and Octahedron are dual and so have the same sym-
metry groups. The distinct rotational Platonic groups
are therefore A4, S4 and A5.

The induced representation theory of SO(2) subgroups
from a full SO(3) symmetry is less interesting, as in
this case the ground state of HN , like every other
eigenstate, is degenerate according to its j-quantum
number. In particular, whichever value of j belongs
to the ground state ψ, there is another ψ′ with the
same ground-state eigenvalue having quantum number
M = 0. Therefore among the fully SO(3)-commuting
Hamiltonia the ground state always belongs without
loss of generality to the M = 0 subspace, so that this
configuration induces 100% M = 0 symmetric dom-
inance trivially. If the Jx and Jy quantum numbers
are 0, as well as M = 0, then the ground state is nec-
essarily a j = 0 symmetric state. In this sense the
geometric nature of the problem is particularly clear
and it may be possible to make inferences about the
predominance of j = 0-type ground states from in-
formation about multiple copies of SO(2) in SO(3).
As a subgroup of SO(3), A4 is a finite group with 12
elements. Every representation V of SO(3) is a rep-
resentation of A4 and furthermore is a representation
of any number of A4 ⊂ SO(3) subgroups. The pos-
sible advantages of considering finite Platonic groups
G, like SO(2) ⊂ SO(3), is because there are many
copies of G in SO(3) and if H is an SO(3)-commuting
Hamiltonian, then H is a G-commuting matrix no
matter which subgroup G ⊂ SO(3) is chosen, there-
fore information is possibly given about the nature
of the j = 0-type ground states for the full SO(3)
group. The representation theories of A4 and A5 are
technical and not suitable for this summary report
but it may be true that for these and other groups
the symmetric state 1 is still dominant. Whereas for
the infinte groups SO(2), SO(3) there are infinitely
many non-isomorphic irreducible representations, for
the Platonic rotation groups, as they are finite, there
are only finitely many non-isomorphic representations.
Simplifications of this kind could lead to algebraic or
solvable symmetric-dominance problems, in the case
of finite groups, although computationally this is still
complex. This is in contrast to the simplest possible

bosonic- or distinguishable-particle- case V = 1
2
, which

itself is intricate as N →∞.
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future research

There are general theories which partially answer the
question of as to which of HGOE, diag(ak) and Z are
perturbations and which are the unperturbed charac-
ter of HN .

Eigenvalue localization of a real matrix A = (ai,j) due
to the Gershgorin circle theorem guarantees that the
spectrum of eigenvalues of A, σ(A), is contained in the
union of Gerschgorin discs σ(A) ⊂

⋃N
i=1 Gi where Gi ={

z ∈ C : |z − aii| ≤
∑N

j=1,j 6=i |ai,j|
}

i = 1, 2...dim(A).

In the single-shell fermionic case V = j, for a given
many-body basis state φ = a†jm1

a†jm2
...a†jmM |0〉, there

are at most κ = N(N−1)
2

dim(H2M=0) = N(N−1)
2

j off-
diagonal elements with which φ can interact via H
(HN), as φ and φ̃ cannot interact if they differ by ex-
actly one or more than two creation operators (in this
case V = j there is only one single-particle j and so M
would not be conserved otherwise).

If all off-diagonal elements ai,j are taken to be dis-
tributed in a Gaussian way σ ≈ 1 (and are taken to be
independently distributed) then in a rough approxima-
tion

∑
j 6=i |ai,j| might have the character of the normal

distribution∑
j 6=i

|ai,j| ∼ N (κE[|aoff-diag|], κVar(|aoff-diag|))

E[|aoff-diag|] =
√

2
π
, σ(|aoff-diag|) =

√(
1− 2

π

)
so that

possibly E[
∑
|aoff-diag|] ≈ j3√

2π
and σ(

∑
|aoff-diag|) ≈

j
√
j√
2

√
1− 2

π
. Under these circumstances the ra-

dius of a Gershgorin disc Gi would have a signif-
icant probability to lie near j3√

2π
and, as j → ∞,

j3√
2π
� σ(aon-diag) ≈ j

√
j

2
. Therefore this type of eigen-

value localization suggests that HGOE, rather than
diag(a1, a2...), is the unperturbed character of HN .

There are other indications that the term HGOE

is non-negligible from the Wigner Semicircle Law.
For a range of independent-component symmetric-
matrix distributions of dimension N , if Sαβ(v,N) =
the number of eigenvalues on the range (α

√
N, β
√
N),

then limN→∞
E[Sαβ ]

N
= 1

2πm2

∫ β
α

√
4m2 − x2dx, m is

the second moment of the distribution. In the case
of independent N (0, 1)-distributed off-diagonal ele-
ments there is a non-negligible probability-proportion
of eigenvalues near ±

√
2N .

In the example V = 10, N = 11, dim(H11M=0) ≈
10, 000 and (in the independent Gaussian case)

σ(aon-diag) ≈ 10
√

10
2

= 15.811... in contrast to
the overestimated minimum eigenvalue −

√
20, 000 =

−141.421... due to a HGOE matrix alone. The prob-
ability that the absolute value of a random variable
a ∼ N (0, σ) is greater than or equal to 3σ is ≈ 0.3%,
and 141.421/15.811 ≈ 9 is in a sector far more unlikely
than this. However 70 − 80% of off-diagonal ai,j are
zero and when this is taken into account, in this con-
text, HGOE is possibly a perturbation again (at least as
far as extremal eigenvalues of the unperturbed matrix
are concerned possibly). All of these considerations
relied on the assumption that HN i,j-components were
independent, which is not so in general, and so it is
doubly unclear what the limiting nature of HN is. I
hope this will be a topic of future research, especially
if, in some sense, the extremal eigenvalues of the ma-
trix diag(a1, a2, a3...) account for the behavior of the
ground state of HN in the large N limit.
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